Math 1060 — 6.1 Notes

Complex Numbers
Imaginary Number: i =+/~1 and i’ =1
Complex Numbers: The set of all numbers of the form a+5i where a and b are real numbers.

a is called the real part and b is called the imaginary part. If 5 = 0, then a+5i is an imaginary number.
The form a+bi is called the standard form of a complex number.

Examples: Determine whether each complex number is real or imaginary and write it in standard form.

2) 4i b) 3-6i 05 d) i_437r
imaginary iMoLﬁw\ar‘y rea)) \ v aq Mar‘}/
O+4L 361 S+0L o ot

Addition, Subtraction, and Multiplication of Complex Numbers.
(a+bi)+(c+di)=(a+c)+(b+d)i
(a+bi)—(c+di)=(a—c)+(b—d)i
(a+bi)(c+di)=(ac—bd)+(bc+ad)i oruse FOIL.

Examples: Perform the indicated operations.

a) (6+20)+(4-3i)= (rqg + 20 -3 b) (7-4i)—(2+8i)= F+2 -4 { -B(
=10-¢ =9-12¢
c) (6+5i)(8+3i)= d) (1—i)(4+i)=q $i "“/(, =g 2
(/8'\’(8(‘,+‘-IDIL+‘5'L‘L: = ’3(;‘<“l>
48 +58L +15(-1) =

EEEE

Powers of i:
.3 2 . l.

Since i =-1, ’=i"i=-1-i=—i,and i*=i*-*=—1.—-1=1

The first eight powers are listed here:

i' =i i =i riﬂ?ﬁﬂﬁﬁ o
3 Remginder | Simplifes To:

P =—i i =
it =1 =

The powers of i continue in this pattern.




Examples: Simplify the power of i.

a) i35£é34. l:P B P b) 2= (-128. . 0) 98— & 2)‘/9 d) i .48 < 2)24
= (%)™ (13" ¢ = (1) = -1y
= E0TL = -0 =E1] =M
= ._L _:@

Theorem: If a and b are real numbers, then the product of a+bi and its conjugate a—bi is the real number
a*+b’. (a+bi)(a—bi)=(a*+b’)

Examples: Find the product of the complex number and its conjugate.

a) 3-7i b) 2+9i c)i
(3-3)(3+30) (2+9)(2-9:) C-(-0)
=3 +3*=[5g] = 2%+9[85] =-i*=(1]

Examples: Write each quotient in the form a+bi.

a)6—21'= ( —SL =2 2L
3 8+9z 3+2l 3+2L/\ 3-2L, QL
[ E=9¢
[ ~Bc—19t+(D¢
6+q & QL> 2 ?:2_:_;;2 25 =
[6-18C - |6-18L .
87+9* T gs - fRi=g3c D ?‘(3; 0 .
—‘—% = @_L 2 = 23(, _ 23
Roots of Negative Numbers [ 3

For any positive real number b, ~—b = iv/b.

Examples: Write each expression in the form a + bi, where a and b are real numbers.

a) V=5 +4/-8 = b) V=20(v-6-v~4)=
WS +iJ8= (V2o (Ve —20)=
(VB + A3 = NS (Ve L) =
[CEEEYON (30 —4i % [T =
_2+\/’_4— ~;Z+b\}~é “Qﬁa*’L}\r‘S
R

SRS

Example: Does the complex number x =1+ 3i+/2 satisfies the equation x> —2x+4=02

(t:jl;@L—QC\JrsLﬁ}Jra} 26
|+ Qi +(3E) -2 -5 +4 2 0 Nnot a Soluhor)

[+C7.(:2,2_;27+4 lo -1S #0
[ =18 -2+4 <0




Math 1060 — 6.2 Notes

Trigonometric Form of Complex Numbers

imaginary axis

101

The complex number a+bi can be thought of as an ordered pair (a,b) . ol
We graph it on the complex plane where the horizontal axis is called the

real axis and the vertical axis is called the imaginary axis.

nNoho
LI O I I B B |

Absolute Value or Modulus: |a+bi| =+/a’ +5>. (The distance between St
the number and the origin on the complex plane.)

N
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o
o
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o
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Examples: Graph each complex number and find its absolute value.
a) 5—i b) —6+2i

|5 -tl=J5%r > |-erac :“\z
2] = V40 =20z )

Trigonometric Form of a Complex Number
If z=a+Dbi is a complex number, then the trigonometric form of z is

z=r(cos@+isin @), sometimes abbreviated z = rcisé,

where r is called the modulus and 6 is called the argument, defined as the angle in standard position whose
terminal side contains the point (a,b).

r=+a’*+b’
a=rcos@ and b=rsiné.
We usually use the smallest possible nonnegative angle for 6.

Examples: Write each complex number in trigonometric form.

a) =23 +2i QI b) 5—4i RTL.
(= Jamm)+22 = 4 C=IS* +a) = {47
o< o=-203 _ _J3 o865 sne-%
sl VT v
0=5T G =232].3°

G
4 <cos L%‘->+ L SN (%))
or 4 cis(®H

J41 (cos 83137+ L sia 321.3°)
or J41 cts2al.3°

real axis



Example: Write the complex number 12(005— +isin ”) in the form a +bi.

(1( +L’~»> [v_—:(;a

Product and Quotient of Complex Numbers
If 7z, =r(cos6 +isinG,), and z, =r,(cos @, +isin6, ), then

%y = h, [COS(@I +02)+iSin(01 +‘92)]

i:—rl—[c:os(é?l —6,)+isin(6, —192)1
ZZ r2
Examples: Find the product and quotient using trigonometric form.
T .. 7 /4 /4
7, =4| cos—+isin— , =8| cos—+isin—
( 12 12) ( 12 12)

a) Find z,z, b) Find L . = 4 (CDS(/Q /a> +¢ SIVI(/
P 4 oSO Y| (L (eon v S

32 (cos (W) + ¢ ()|

=32 (v i f) < [lem viod)

Complex Conjugates
The conjugate of r(cos(8)+isin (8)) is r(cos(-6)+isin (-6))

=5 (1l +ou)

CoVU v cctc

(ws ("/)-H Sm(/)
6 (cos () + i s;“n(:g—)\ SCC G ATIRI Y A
-6 Ceos (Wae-B) + ( (T4 +(-T5))) =
36 (cos O+ siw O)=

36 (1+01) =[36]

Example: Find the product of the following and its conjugate: 6(cos§+ isin %j .



Math 1060 — 6.3 Notes
Powers and Roots of Complex Numbers

De Moivre's Theorem
If z=r(cos@+isinf) is a complex number and 7 is any positive integer, then

z" =r"(cosnf +isinnb)

Examples:
3) Simplify (1+1)°. b) Simplify (v3-i) . = J (B0 = 2
l-l—(, r:|l1+l1:\r—z QE coOS 9:"% Sl‘v\e:"t‘i— @:(l’q
QT c¢ws e=Lt snp=L @
va Y& 2(cos W 4 s T q4_
o (2 (cos "7, 7] " <

E\E‘ (cos T4 ¢+ ( S %ﬂt 21( os (4~ TN+ (s (‘/'”%))—_
Wa)° (cos (e-F)+( sin ((0'%)): le (cos *2T4 1+ ¢ sin ) -

B(cos 3% +( siv 37%) < lo (05 4T/3 + { sin 474) =

Roots of a Complex Number Imaginary .

axis -3 -8 LIEED
How many square roots does 4 have?
How many square roots does —9 have? ~% 5 i? 1 % % i‘—[z—g
How many sixth roots does 1 have? Vol X

2N /N

It turns out that 1 has 6 sixth roots, and they are ;j \\ // ”‘ distributed
evenly around the complex plane. - — __\} 4 Real

axis

. i‘[_j -1 1 _53/5
2 2 2 2
Sixth Roots of Unity

The complex number a+bi is an nth root of the complex number z if (a+5i)" = z.

For any positive integer 7, the complex number z = r(cos@ +isinf) has exactly # distinct nth roots given by
Z +360°k) iy (9 +360°k
——— |+isin| ———

H for k=0,1,2,....n—1.
n

the expression 7"" {cos(
n

In radians, the roots are given by P [cos(e L] 2k7t) + z'sin((9 * an-)] for k=0,1,2,...,n—1.
n n

The first of the » roots has an argument of g, and the other roots are spaced [ﬁqj apart
: n n

(The circle is divided evenly into » pieces.)



Examples:

a) Find all of the fourth roots of the complex number —8 — 8i\/3. n= 4
B 3 F=J<—6>Z+§—e@>z = (o ©+2kw _ 494\ Qky
- - s |
88 /e oS & =", = 2 8=4% " - . <t
= YA+ T2

6™ (08 T +1 sin T4)
=2 (Va+ V3 ()

= +J3]
1™ (cos 45+ sin 94

67 (cos

%16%)4%)(1%

=2 L Shn ST

’-‘QC"/9_+(/2L>

¥4 (cos ' ¢ s iy 115y
s e 2 (F-ky %)
=L1-43 =5 ¢

b) Find all the cube roots of 125.

125+Ol; m: 3
r=125 125 (cos O+ sin ©°) ©+36K _ O 360k
@:Oo {
1:S> N
Y o . = {aook
12572 (o8 07+ [ Stn 0°) . o .
= 07, 1207 240

= 6([ +OL> :@
las 73 (003 [20°+ [ $Tn l20°)
=5 (a+ 135 )

5 s & \
‘L\/Q_t_i%j

¢) Find all complex solutions to x* —81=0.

x4 =8| «Hth roots of @)
r=9\ ©=0°
%—H 8l (cos S+l sm O°)
gl
&% (oS 0% [ sin o°)
?)(l +OL:\) :@

BIA (oS 1B0°4( ST |20

3(-l +oi) =3

)

1:26/3 (CoS 240+ ([ sin 9740")

:6C-l/ _J?SZL

n=4
0%+ 360°k - 360%
4,(

-

4 = 7%k
Oo, 907, I186°% 3e"°
8l (cos 9+ ¢ gin J0°)

2o +0) :@

B14 (cos 290°+ ( sim 270°)

2(0-0) = (=3¢



Math 1060 — 6.4 Notes
Polar Equations

The polar coordinate system is based on a fixed point called the
pole and a fixed axis called the polar axis. Points are

represented by ordered pairs in the form (r,6), where r is the
directed distance from the pole and # is an angle whose initial

side is the polar axis and whose terminal side contains the point.
\ Typically, we choose the origin as the pole and the positive x-

axis as the polar axis.

Pole Polar axis Y4

*To graph (—r,0), you move in the opposite direction you \

would move to graph (,6).

224 i Vs 1 2 X
Polar coordinates are not unique. The points e \ :
(2.%), (2,%), and (2,—2) all name the same point. e
\

Examples: Plot the points whose polar coordinates are given. ]
A(3,5), B(-1,%), C(2,-22), D(-5,~%), E(4,), F(-3,%) w5

Polar-Rectangular Conversion Rules
- To convert (7,6) to rectangular coordinates (x,y), use x=rcosd and y =rsin6.

- To convert (x,y) to polar coordinates (7,6), use 7 =+/x*+) and any angle @ in standard

position whose terminal side contains (x, y).

Examples:
a) Convert (3, 45°) to rectangular coordinates. b) Convert (—2,2\5 ) to polar coordinates.
X=3A ¢S 45 = 3("%>:ng = @)1+(QG)L

¥ =3 sm qg°:3@%):§_;r_5_, “’32 e+ =01g= 4y
] CoS ==2%4 = -1 =
303 e B ST A

Gk 2



Graphing Polar Equations
Examples: Sketch the graphs of the following:
a) r =4sind

TN

Y|4 (V)= -
|4 (B5) - 2@~ 2.8
% |4(V34)=23 %35

Yal4(1)=4

Ay 4 (S54)= (3 < 3.5

) 4(%)=2

T 4(0)=0

b) r =cos(26)
elc. Sl
0 /| O
PANAS ﬁ |
| /2 syl o
7| O i
%| 4 AR
|~ %% Y| o

\

R - Qn\

c)r=3+4sind

Yol S
ﬂA 50
-\‘\/6 65




Use X™4y%=r% X=rceso, y=rsin o

Examples: Convert equations from polar to rectangular form.
a) Convert » =3sinf to a rectangular equation.

()= (3 sin ©)
C% =3 3in 6
]?"-r\/’* = 3y &cirele

b) Convert » =

to a rectangular equation.

1+sinéd

P(H- sin @}—.—4} r = (—\/4—4)2 l
C <+ -_-_L} X +\{ -:.\,/ —'4‘\f+-
rs_\i“.q F(z':— -8\/+|(0j < pPara bola

Examples: Convert equations from rectangular to polar form.
c) Convert y =—2x+35 to a polar equation.

S 6= -2C oS e + 5
3w B+ 3Acceso©=5
c (80 © + 2 cos =5

= 5 —
SN O+ & SO

d) Convert x” +( y—l)2 =1 to a polar equation.
x2+\[2'&\/+\=l

X2'+\/2'-22\/ =0
XTHyT= Ay

r*= 2 sin ©
=3 3w @X |




1) Lines through the origin are of the form 6 =a.
Vertical lines are of the form rcosf =a.
Horizontal lines are of the form rsiné = a.

2) Circles come in three forms: » =acosf, r=asind, and r =a.
2,,

1,,

—
N,

r=3cosf y=-2sin6 r=2

3) Cardioids have the form r =atacosf or r =atasinf.
Cardioids pass through the pole.
y y

N
2 4 6 X
2,

r=4+4cosb r=4-4sinf

4) Limagons have the form » =a+bcosf or r =axbsiné.

Limacons have an inner loop if 0 < a <b and have no inner loop if 0<b < a.

The graph of a limacon with an inner loop passes through the pole twice.
The graph of a limagon with no inner loop does not pass through the pole.

r=2-3cosb r=1+4sin6 r=4+2cosf

r=3-2sin6



5) Lemniscates have the form r* =a’ cos(26) or r* =a’sin(26).

Ce QQ .

r* =4cos(20) r* =4sin(20)

6) Roses have the form » =acos(nf)+b and r = asin(nd)+b.

If n is even, there are 2n loops in the rose.
If n is odd, there are n loops in the rose.

y y y

4

2 P A x 4
5
p 4

r=4cos(26) r =4sin(20) r=4cos(30)

r=4cos(20)+1 r=4sin(46)+1

r=4sin(30)



Math 1060 — 6.5 Notes

Parametric Equations

Sometimes, it is convenient to express both x and y as functions of a third variable, . If f (t)

and g (1) are both functions of £, where 7 is some interval of real numbers, then the equations

x=f(t) and y=g(r) are called parametric equations. The variable 7 is called the

parameter. If we think of 7 as time, then we know when each point of the graph is plotted.

Graphing Parametric Equations
1. Make a ¢, x, y table for the two equations.
2. Plot the ordered pairs of values of x and y.

3. Mark the orientation of the curve by using arrows to show the direction of the graph.

Example: Graph the parametric equations x =7+5 and y=2/-1 for ¢ in [0,5].

t]% [y

L T N N T O Y ™, O T

T T T

Eliminating the Parameter
1. Set one equation equal to 7.

2. Substitute that equation in for 7 in the other equation.

O
l

<
)
a
o

-

Graph goes
+throvah (5,-D),
(6,), (7,3), (8,5)
(01,7'>, é OD;?)

3. Sometimes it is more convenient to use a trigonometric identity to eliminate the

parameter.

Examples: Eliminate the parameter and identify the graph of the parametric equation.

a) x=4-9, y=—t+1, —0<t <o
X+9=4+ _ y
’éZi;ifj’ Y”—(t a> l
= -(g X+ +
poixed  TTTETES
4 Y= 'ax'%ﬂ

b)x=5sint, y=5cost, —0<t<w®

X" +9*= (s sin4) +(Dcost)”

XZJ—yZ: 25 sin? ¢ + &5 cos™t
)<2'+\/2‘: 626 (S}‘V)Zé +COSZ'(§>

Xx*+y*= 25 ()

o N vE= 25
C((‘C_\€




Writing Parametric Equations for Line Segments
1. Write both parametric equations as linear functions: x =mz+5, and y=m,t +b,.
2. Substitute x and 7 values into the x equation to create a system of equations you can solve
for m, and b,.

3. Substitute y and 7 values into the y equation to create a system of equations you can solve
for m, and b,.

Examples:
Write parametric equations for the line segment starting at (1,2) with /=0 and ending at (8,10)
with 1 =1. Xtm:'t"‘bl Y:mz—l' -[-bz
£20, x=1,¥=2: | =m,(0)+b, &=m,(0)+b,
l < b| Q-: b?_
= +
'{7=\)X=8)\/:(D: 8:mlcl)+( (O:‘Mz_C\>+Q \} 8‘% a
ml = ? m?. = 8
Write parametric equations for the line segment starting at (-2,4) with # =3 and ending at
(5,-9) with 7=7. X=M,t+b, vt tb,
{=3,x=—2,\/:4: -2=3m, +lo, H4=B3m, + b,
{;='.}, X:S) \/="°7.‘ 6:7m1+b1 “’737'”’\2"’!02
(-2= 3m, +b)(-1) (‘i} = 3m, +o2)C)
S5=Fm,+b, M= :qf_;wz +_b;
X=-5m -b, -Q= 56(4}4,13, ="5Mg =~ b2
?=dqm, ~2= R b, -13=24m,
Writing Parametric Equations for a Polar Eq'u:atizjn/ My =-13

Use the equations x =rcos6@ and y =rsin6 . Replace r to obtain the parametric equations.
When converting polar equations to parametric equations, 6 acts as the parameter.

Example: Write parametric equations for the polar equation r =3cos6.

X=X Cod &
X=(2cos ®)CosE

V=3ceSO8In 6B

y=v%in =
\/: (6 CD@)@) Siﬂ@



